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Abstract. We introduce a new technique that allows us to make progress on 
' two long standing conjectures in transcendental dynamics: Baker's conjecture 

psj . that a transcendental entire function of order less than 1/2 has no unbounded 

^ ' Fatou components, and Eremenko's conjecture that all the components of 

D . the escaping set of an entire function are unbounded. We show that both 

' conjectures hold for many transcendental entire functions whose zeros all lie on 

the negative real axis, in particular those of order less than 1 /2. Our proofs use 
' a classical distortion theorem based on contraction of the hyperbolic metric, 

together with new results which show that the images of certain curves must 
wind many times round the origin. 

Q 
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, 1. Introduction 

Let / : C — )• C be a transcendental entire function and denote by n = 
0,1,2,..., the nth iterate of /. The Fatou set F{f) is the set of points z E C such 
1> I that (/")neN forms a normal family in some neighborhood of z. The complement 

of F{f) is called the Julia set J{f) of /. An introduction to the properties of 
these sets can be found in [S]. 

This paper concerns two conjectures in transcendental dynamics. Eremenko's 
conjecture, arising from his paper |6j in 1989, is that the escaping set 

/(/) = {z : /"(-z) oo as n oo} 

has no bounded components. This conjecture has motivated much current work 
K/i ; in transcendental dynamics and it has become apparent that the escaping set 

' plays a key role in the subject. For partial results on Eremenko's conjecture. 
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see [13], [20] and [m], for example. 

Baker's conjecture, arising from his paper [2] in 1981, is that the Fatou set has 
no unbounded components whenever the order of the function is less than 1/2 or 
even whenever the function has order at most 1/2 minimal type. It is known [22j 
that such functions have no unbounded periodic or preperiodic Fatou compo- 
nents but it remains open as to whether such a function can have an unbounded 
wandering domain, that is, an unbounded component U of the Fatou set such 
that /"(f/) n /™(f/) = forn ^ m. 

Many authors have shown that Baker's conjecture is satisfied provided some 
regularity condition is imposed on the growth of the maximum modulus but, 
without any such condition, it is not even known whether the conjecture holds 
for all functions of order zero. The strongest results in this direction are given 
in [10] and in [TB]. A survey of earlier work on this conjecture appears in [9]. 
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In this paper we prove that Baker's conjecture holds for a family of symmetric 
entire functions / of order less than 1/2, without any restriction on the regularity 
of the growth of M(r). To do this we introduce a completely new technique based 
on the winding of certain image curves. In particular, our new results cover all 
the examples of functions of order less than 1/2 that were constructed in |10] 
and [15j as examples to which the techniques of those papers cannot be applied. 

All existing techniques for attacking Baker's conjecture use a 'repeated stretch- 
ing' technique based on the relationship between the maximum modulus and the 
minimum modulus, which are defined as follows: 

M(r) = M(r, /) = max m(r) = m(r, /) = min 

z I =r 1^1=''" 

For functions of order less than 1/2 the cosvrp theorem implies that m(r) is 
relatively large compared to M(r) for many values of r. If, in addition, M(r) 
is very small or has a certain regularity (see Theorems 4 and 5], for ex- 
ample), then it can be shown that the forward images under / of a long curve 
in an unbounded Fatou component experience repeated radial stretching which 
contradicts the contraction property of the hyperbolic metric. 

As pointed out in [15] and [1^, this stretching property based on the min- 
imum modulus also implies that the escaping set has a certain 'spider's web' 
structure, described below, which is sufficient to show that Baker's conjecture 
and also Eremenko's conjecture hold. More precisely, this property implies that 
the following subset of the escaping set has this spider's web structure: 

Anif) = {z : \nz)\ > M^{R), for n E N}, 

where M"(r) denotes the nth iterate of M with respect to r and i? > is chosen 
so that M(r) > r for r > R. The set A^^f) is a subset of the fast escaping set 
^(/) = UneN /""(^-rI/)) which has many nice properties - see [T7] . 

We say that a set E is a spider's web if E is connected and there exists a 
sequence of simply connected domains (?„ such that 

dGn C E, GnC Gn+i fom G N and [j On = C. 

nGN 

As shown in [17], if A_r(/) is a spider's web, then /(/) is a spider's web, so 
Eremenko's conjecture holds, and / has no unbounded Fatou components, so 
Baker's conjecture holds. 

Many functions / of order less than 1/2 have the property that ^_r(/) is a 
spider's web [T71 Theorem 1.9], so it is tempting to conjecture that this is the 
case for all functions of order less then 1/2. However, in [18] we show that there 
are functions of order less than 1/2, and even of order 0, for which is not a 

spider's web. The examples in [18] are also covered by the results in this paper. 

The idea behind our proof is that for certain symmetric entire functions / the 
forward images under / of a long curve in an unbounded Fatou component must 
experience either repeated radial stretching or large winding round the origin, 
either of which leads to a contradiction. Our proof also shows that /(/) is a 
spider's web, so Eremenko's conjecture holds for such functions. 

Although the techniques we use here to obtain the winding of image curves 
rely on particular properties of the symmetric functions considered, it is plausible 
that ideas of this type could be applied to more general types of entire functions. 
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Recall that the order p = p(/) of a transcendental entire function / is 

log log M(r,/) 
p = hm sup . 

r^oo log r 

Any function of order less than 1/2, and indeed of order less than 1, has the form 

(1.1) /(^)=c^^«n(i+f ) ' 

n=l ^ 

where p„ e {0, 1, . . .}, for n > 0, c G C and the sequence (a„) consists of complex 
numbers with |a„| strictly increasing. We show that both Baker's conjecture and 
Eremenko's conjecture hold for all such functions of order less than 1/2 in the 
case that c G M \ {0} and a„ > for n G N. In fact, we prove the following more 
general result. 

Theorem 1.1. Let f be a transcendental entire function of the form 

(1.2) fiz) = cz^^ n f 1 + f ' 



n=l 



where c G M \ {0}, p„ G {0, 1, . . for n > and the sequence (a„) is positive 
and strictly increasing. In addition, suppose that there exist m > 1 and Rq > Q 
such that, for all r > Rq, 

(1.3) there exists p G (r, r™") with m{p) > M{r). 

Then 

(a) there are no unbounded components of F{f); 

(b) the set I{f) is a spider's web, and hence is connected; 

(c) if, in addition, f has no multiply connected Fatou components, then J{f) 
and I{f) n J(/) are both spiders' webs. 



Remarks 1. There are many classes of functions for which the hypothesis 
(11.31) is satisfied - see, for example, [HI Section 8]. In particular, it is satisfied 
whenever / has order less than 1/2; this was proved by Baker [H Satz 1] and 
also follows from the version of the cos it p theorem proved by Barry [1]. 

2. The proof of Theorem 11.11 uses two properties of the symmetric functions / 
under consideration, namely, that f{z) = f{z), for ^ G C, and, for each r > 0, 
|/(re*^)| is strictly decreasing for < < vr. Entire functions / of the form 
f{z) = g{z'^), where g is a function of the form considered in Theorem 11.11 and 
g G N, have similar properties in relation to sectors of opening 27c/q and the 
proof of Theorem 11.11 can be modified to give the same conclusions for these 
functions. We omit the proof of this more general case. 

Similar techniques can also be used to show that the result of Theorem 11.11 
holds for functions of the same form as those in Theorem 1 1.1 1 but with, in addition, 
a finite number of zeros on the positive real axis. 

3. In [18j it is shown that there are functions which satisfy the hypotheses of 
Theorem 11.11 and for which A^{f) and A{f) both fail to have the structure of a 
spider's web. By part (b), these are examples of entire functions for which /(/) 
is a spider's web but A{f) is not a spider's web - this answers a question in [TTj . 
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4. To prove part (a), it is sufficient by a result of Zheng [22] to show that 
such functions have no unbounded wandering domains. In future work we plan 
to build on the techniques in this paper to show that there are no unbounded 
wandering domains for functions of order less than 1 of the type considered in 
Theorem ll.H even when condition (11.31) is not satisfied. This raises the question 
as to whether Baker's conjecture should be strengthened to say, for example, 
that a function of order less than 1 has no unbounded wandering domains. We 
note that there are functions of order 1/2 with unbounded periodic Fatou com- 
ponents; for example, f{z) = {sinh y/z) / y/z has an attracting basin containing 
the negative real axis, and other such examples are given in [2]. 

The structure of this paper is as follows. In Section 2, we state three main 
results. Theorems 12.11 12.21 and 12.31 The ffist two concern the winding of image 
curves, and the third is a more precise version of Theorem 11.11 Theorem 12.21 is 
deduced easily from Theorem 12.11 in Section 2. Section 3 is devoted to proving 
Theorem 12.11 and Section 4 contains some general results needed for the proof of 
Theorem 12.31 which is given in Section 5. 

2. Methodology 

In this section we state three theorems that together give greater insight into 
the method that we use to prove Theorem ll.il The ffist two theorems show that 
for entire functions of the type covered by Theorem 1 1.1 1 the images of certain con- 
tinua 7 must wind many times round the origin, while the third states a number 
of detailed properties of such functions, including those given in Theorem II. 1[ 
We note that for our present purposes it would be sufficient to prove the ffist 
two theorems in the case when 7 is a curve rather than a continuum, but we 
state these theorems for a continuum because of possible future applications. 

We begin by introducing some notation. If 7 is a plane curve with an associ- 
ated parametrisation and 7 meets no zeros of /, then we denote the net change 
in the argument of f{z) as z traverses 7 by Aarg/(7). 

If 7 is a plane continuum having the property that all the zeros of / lie in 
the unbounded complementary component of 7, and zq, z'q is any pair of distinct 
points in 7, then we denote the net change in the argument of f{z) as z traverses 7 
from Zq to Zq by Aarg(/(7); zq, Zq). This quantity is defined by choosing 

• any simply connected domain, G say, that contains 7 but no zeros of /, 

• a branch, g say, of log / in G, 

and putting 

(2.1) Aarg(/(7); zo, 4) = " ^(gi^o))- 

Next, for r > 0, we write C{r) = {z : \z\ = r} and, for < ri < r2, we write 
^{1^1,1^2) = {z : ri < \z\ < and A{ri,r2) = {z : ri < \z\ < r2}. 

We also recall the following version of Hadamard convexity: for a transcen- 
dental entire function /, there exists a constant Ri = Ri{f) > such that 

(2.2) M(r^) > M(r)^ for r > c> 1; 

see [IHl Lemma 2.1]. Throughout the paper Ri denotes the constant in (12.21) . 
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Theorem 2.1. Let f be a transcendental entire function of the form 

(2.3) /(^) = cz^o-Q/i + _j ^ 

n=l ^ 

where c G M \ {0}, p„ G {0, 1, . . .}, for n > 0, and the sequence (a„) is positive 
and strictly increasing, and let t and a be positive numbers such that 

/ ^ 48^2 , „/4 384^2 

(2.4) t > t / > — — and at"'^ > — . 

TT 71 

If 'y is any continuum in {z : '^z > 0} that meets both C{t) and C{t^'^°') with 

(2.5) 1/M(t) < 1/(^)1 <M(t), forzei, 

then there exists a continuum F C 7 fl yl(t, t^^'^) and zq^z'q eV such that 

TiH"/^ logM(t) 



Aarg(/(r);2;o,z(,) > 



48^2 log t 



Remark We note that a special case of Theorem 12.11 occurs when (12.51) is 
replaced by the condition |/| = A, where 1/M{t) < A < M{t), in which case 7 is 
a level curve of /. 

The proof of Theorem 12.11 is given in Section 3. Our second theorem has an 
additional assumption on the function /; since this theorem follows easily from 
Theorem 12.11 we give the proof here. 

Theorem 2.2. Let f be a transcendental entire function of the form 

(2.6) /(^) = cz^o-Q i + _ ^ 

where c G M \ {0}, p„ G {0, 1, . . for n > 0, and the sequence (a„) is positive 
and strictly increasing. In addition, suppose that there exist m > 1 and Rq > 
such that, for all r > Rq, 

(2.7) there exists p G (r, r™") with m{p) > M{r), 

and let s,l,b > satisfy 
(2.8) 

s > max{l,i?o,i?i}, / > max{m, 1+6}, M(s) > s^^^ > and^^^ > 5^1^ 

TT < — TT 

If J is any continuum in {z : '<sz > 0} that meets both C{s) and C(s'), then 
at least one of the following must hold: 

(1) /(7) meets bothC{M{s)) and C {M {sY'^) ; 

(2) /(7) meets both C{M{sY'^) andC{M{s)); 

(3) there exists a continuum F C 7 fl A{s^^^, s') and zq, ^ F such that 

/(F) cZ(M(s)^/',M(s)'-') 

and 

Aarg(/(F);^o,^(,) > \ / > J; ^ ' > 

48v21ogs' " 48 V 2 logs 
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Proof. Suppose that /, s, I, b and 7 satisfy the hypotheses of the theorem. Since 7 
meets C{s), there exists 2:1 G 7 such that < M(s). So, if there exists 

Z2 E ■y such that 1/(2:2)1 > M(s)^"^, then case (1) must hold. 

Also, since I > m and s > Rq, it follows from fl2.7p that there exists 2:3 G 7 
such that 1/(^3)1 > M(s). So, if there exists ^4 e 7 such that 1/(24)! < M{sf'\ 
then case (2) must hold. 

If neither case (1) nor case (2) holds, then it follows that 
(2.9) l<M{sf'^<\f{z)\<M{s)^-^<M{s^-^), for ;2 G 7, 

by ([22]), since s > i?i and / - 6 > 1. 

We can now apply Theorem 12.11 to 7 with t = s'^^ and a = b/{l — b), since 
gi _ ^gi-by+b/n-b) ^ rpj^g hypotheses of Theorem 12.11 are satisfied since, in addition 
to ([2I9D, we have t = s'"^ > s > Ri, 



48^2 



TT 

and 

,W4 _bs^ 384^2 

~l-b- TT ' 

by ( 12. Sp . We deduce, by Theorem 12.11 and (12.90 . that there exists a continuum 
r C 7 n 34(s'"^ s') and zq, Zq e T such that 

f{T) cA{M{sy/^,M{sy-') 

and 

Aarg(/(r);zo,4)> , 

48v21og s'~* 

so case (3) holds; the final two inequalities follow from (12. 2p and (12. Sp . □ 



irh''/^ logM(s'-*) 



Our third theorem is a more detailed version of Theorem I l.H which gives more 
precise information about the size of any simply connected Fatou components 
of / and the nature of the /(/) spider's web. It is proved using Theorem 12.21 

Theorem 2.3. Let f be a transcendental entire function of the form 

(2.10) f(,) = cz^oY[li + -] , 

n=l V «n/ 

where c G M \ {0}, Pn G {0, 1, . . for n > 0, and the sequence {an) is positive 
and strictly increasing. In addition, suppose that there exist m > 1 and Rq > 
such that, for all r > Rq, 

(2.11) there exists p G (r, r™") with m{p) > M(r). 

Then there exist L > and R > such that f has the following properties. 

(a) There are no unbounded components of F{f); more precisely, every simply 
connected component of F{f) that meets {z : \z\ > R^} lies in an annulus 
of the form A{r, r^), r > 0. 

(b) The set I{f) is a spider's web, and hence is connected; more precisely, 
with /i(r) = M{rY, where e = l/L, the subset of I{f) defined as 

Q.,ii(/) = {;^: |/"(^)| >/x"(/2), n = 0,l,...} 

has the following properties: 
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(i) every component of Qe,R{fY that meets {z : \z\ > R^} lies in an 
annulus of the form A{r, r^), r > 0; 

(ii) Qe,R{f) contains a spider's web. 

(c) //, in addition, f has no multiply connected Fatou components, then J{f) 
and /(/) n J(/) are both spiders' webs; more precisely, Qe-i,R{f) H J(/) 
contains a spider's web. 

Remark The set Qs^rU) is a subset of the quite fast escaping set Q{f), in- 
troduced in [19], where it is shown that for many entire functions Q{f) = A(f). 
These sets are not equal in general, however, as shown by examples in [T8] . 

We prove Theorem 12.31 in Section 5 and give some results needed for the proof 
in Section 4. 



3. Proof of Theorem 12.11 

First we state some preliminary results. For a function u subharmonic in the 
closed disc {z : \z\ < tq}, that is, subharmonic in some larger open disc, we 
define 

(3.1) B{r) = B{r,u) = max'u(z), < r < rg, 

\z\=r 

and 

(3.2) T(r) = T(r, u) = — [ M+(re^^) dO, < r < tq. 

2vr Jo 

Basic facts about B{r) and T(r), such as that they are increasing and convex 
with respect to logr, can be found in [71 Section 2.7], for example. We also 
need the following consequence of the Poisson formula for a positive harmonic 
function in a disc; see [3 Theorem 3.19]. 

Lemma 3.1. Suppose that u is subharmonic in {z : \z\ < ro}. Then 

T(r, u) < B(r, u) < ( ° ] T(ro, u), for < r < tq. 
\ro - rj 

Next we recall the Milloux-Schmidt inequality [8, page 289]. 
Lemma 3.2. Suppose that u is subharmonic in {z : \z\ < r^} and that 

(3.3) mmu{z) = 0, for < r < tq. 

\z\=r 

Then 

4 _ / r 

B{r, u) < —B{rQ, u) tan M — I , for < r < rg. 
TT \roJ 

Finally, we need a simple result in plane topology and include a proof for 
completeness. 

Lemma 3.3. Let ^ be a closed connected set in C that meets the circles C(ri) 
and C{r2), where < ri < r2. Then 7 contains a continuum T that meets C{ri) 
andCij-2) with T G A{ri,r2) . 
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Proof. First let 71 be a component of 7 fl {2 : \z\ < that meets C{ri). Then 
7]" is a connected subset of 7 and meets C(r2) by [T^l page 84]. Next let 72 be a 
component of 71 fl : > ri} that meets C(r2). Then F = 7^ is a connected 
subset of 7 that meets both C(ri) and C(r2) with F C A{ri, r2). □ 

Now we prove Theorem 12 .![ Let 7 be a continuum lying in {z : '^z > 0} and 
meeting both C{t) and C{t^~^"') such that 

(3.4) 1/M{t) <\f{z)\ < M{t), ioTze-f. 

Then Lemma [3.31 implies that there is a subcontinuum F of 7 lying in A(t,t^'*"") 
and meeting both C{t) and C{t^~^°'). Clearly F also lies in {z : '^z > 0}. 

Recall that t and a are assumed to satisfy the inequalities in (12. 4p . Put 

ri = t and r2 = t^^", 

and, for i = 1, 2, let Ci denote the largest circular arc with centre of radius 
such that Ci meets the positive real axis but does not meet F U F*, where * 
denotes reflection in the real axis. The idea of the proof is to use the bounds in 
(13. 4p together with the Milloux-Schmidt inequality to show that M(r, /) must 
grow by a large amount between ri and r2, and then use this growth to show 
that /(C2) must wind round many more times than f{Ci) does, from which it 
follows that /(F) must wind many times round 0. 

For A > 0, let 

w,(z) = log+(|/(^)|/A), zgC, 

and 

G^ = {z:\f{z)\>\}. 

Then u\ is a non-negative continuous subharmonic function in C, symmetric 
with respect to the real axis, which vanishes on dG\, and is positive harmonic 
in Gx- As in ([XI]) and ([S2]), let 

B\{r) = B{r,ux) = maxux{z) = log^(M(r)/A), r > 0, 

\z\=r 

and ^ 

Txir) = T{r, Ux) = ^ [ ux{re'') dO, r > 0. 

Jo 

Let M = M{t). For each fixed r > 0, |/(re*^)| is a strictly decreasing function 
of 6* for < < TT, by (12.31) . Thus, for A G (0, M), the set Gx meets each circle 
C(r), r > t, in a circle or an open circular arc, Cx{r) say, that is symmetric with 
respect to the positive real axis. The next lemma relates the the number of times 
f{Cx{r)) winds round to the mean Tx- 

Lemma 3.4. For A G (0, M) and r >t, we have 

(3.5) Aarg/(CA(r)) = 27rrr{(r) > 0. 

Proof. Since Cx{r) is either a circle or an arc in Gx, at the endpoints of which 
ux vanishes, we have 

' ' 271 y„ * 2,1 Jc,(r) * 2ir icy,,, as 

Here vx is a harmonic conjugate of ux obtained by taking a branch of arg/ 
defined on a neighbourhood of Cx{r) \ {—r}. The result now follows since the 
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last integral above gives the net change in the argument of f{z) as z traverses 
Cx{r) and T{r) is an increasing convex function of logr. □ 



For 2 = 1,2, let A, = inf.ec. \f{z)\. Then, by (EH), 
(3.6) a = CxAn) and G (1/M, M), for z = 1, 2. 

The next lemma relates the difference between the winding round of /(C2) 
and /(Ci) to the growth of M(r) between ri and r2. 

Lemma 3.5. With the above notation we have 



(Aarg/(C2)-Aarg/(Ci))> 



i5M(r2/2)-25M(s)-41ogM 



2tc i log(r2/ri) 

where s = a/tit^ = t^+^Z^ . 

Proof. For A G (0,M), let 

(3.7) 0A(p)=T;,(eO, P>logt. 
Then each 0a is convex and increasing, and 

(p'xip) = i^T^{r), where r = e^ > t. 
Thus (13. 5p can be written in the form 

(3.8) Aarg/(CA(r)) = 27r(f)\{p), where p = logr. 
Also put 

pi = logri, P2 = logr2 and cr = logs. 

Since each 0a is convex and increasing and a = |(pi + P2), we deduce from 
(13. 6p . (13. 7p and Lemma EH] that 

,/ / N ^ M^) - 0Ai(pi) 
0Ai(Pl) < 



< 



|(P2 -Pl) 

|log(r2/ri) 

gA.(^) 
Mog(r2/ri) ■ 



Similarly, 



2(^2 -Pl) 



> 



2* 

TA2(r2) -TA,(g) 
ilog(r2/ri) 

lB,,{r2/2) - B,,{s) 
ilog(r2/ri) 



Thus, by ([MD and ([3lD, 



1 ^^A, (r2/2) - i?A. (s) " ^A, (s) 



(3.9) — (Aarg/(C2) - Aarg/(Ci)) > 



277 i log(r2/ri) 

Now, for r > t and A G (0, M], we have 

Bxir) = log/(r) - log A, 
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SO, by (ES]), 

B^,{r2/2)>BM{r2/2) and < 5m(s) + 21ogM, for ^ = 1,2. 

Hence, by M . 

— (Aarg/((:72) - ^wgf{Ci)) > ^ 1, . , ^ , 

as required. □ 

Next we estimate the growth of BM{r) from s = t^+^Z^ to r2/2 = t^^°'/2. 
Recall that 

Gm = {z : 1/(^)1 > M] and Um{z) = log+(|/(^)|/M), 



so um vanishes on OGm- By (13. 4p . we have F fl = 0, so each circle C(r), 
t < r < ^1+'^, meets SGm- Also, 1/(^)1 < M, for |;z| < t, since M = M(t). Thus 

minMM(^)=0, for < r < t^^". 

\z\=r 

Therefore, by Lemma [3.21 with r = s = t^+"/^ and ro = r2/2 = t^"'""/2, we have 
(3.10) 5M(t'+"/') < ^t-'^/^5M(t'+72), 

TT 



since r < tq, by the second inequality in (12. 4p . Now 

5A/(t^+"/2) = log(M(ti+"/2)/M), 
and, by (12. 2p . since t > Ri, 

Hence 



(3.11) 5M(t'+72) > 



8^2 



We can now deduce that /(C2) winds many more times round than f{Ci) 
does. By Lemma |33| (I3.10p . (13. lip and the last two inequalities in (12. 4p . 



(Aarg/(C2)-Aarg/(Ci)) > 



|fiM(r2/2)-2SM(s)-41ogM 



271 |log(r2/ri) 



^ |5M(t^+V2)(l - (24v^/7r)t-"/4) - 41ogM 
~ ^alogif: 

vrat"/^ log M/(48y2) - 4 log M 



> 



> 



|alogt 

ttW^ logM 
48^2 log t ' 



To deduce that /(F) winds many times round 0, we introduce the function 
F{z) = log f{z) which is analytic on C \ (— oo,0], the branch being chosen so 
that F is real on the positive real axis. Let Cj fl F = {zi}, for i = 1,2. Then F 
maps the parts of Ci and C2 in the upper half-plane to curves each with one 
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endpoint on the positive real axis. If the other endpoints are denoted by wi = 
F{zi) and W2 = -^(-^2), then, by the symmetry of / in the real axis, 



'^W2 — '^Wi > 



nH"/^ log M 



48^2 log t 

Since F{T) joins Wi to W2 and M = M(t), it follows that 

Aarg(/(r); 2:1,^2) > r- 

48v21ogt 

This completes the proof of Theorem 12.11 



4. Preliminary results for the proof of Theorem 12.31 

To deduce Theorem 12 . 31 from Theorem 12. 21 we need several preliminary results, 
all of which hold for a general transcendental entire function. First we need a 
standard distortion theorem for iterates in escaping Fatou components; see [5[ 
Lemma 7]. 

Lemma 4.1. Let f he a transcendental entire junction, let U C /(/) be a simply 
connected Fatou component of f and let K be a compact subset ofU. There exist 
C > 1 and iV e N such that 

\nzo)\<C\riz^)l forzo,z,eK, n>N. 

The next lemma is well known but we include a proof for completeness. 

Lemma 4.2. Let f be a transcendental entire function, let U be a simply con- 
nected Fatou component of f , and let Un, n G N, be the Fatou component of f 
that contains f^{U). Then Un is simply connected. 

Proof. Suppose that Un is multiply connected. Then it follows from a theorem of 
Baker [J, Theorem 3.1] that U is bounded. Thus f^ -.U^ Un is a proper map, so 
we obtain a contradiction by the Riemann-Hurwitz formula [211 Section 1.2]. □ 

Next we collect together several key properties of the fast escaping set 

m = U niMf)). 

ngN 

where 

ArU) = ■■ \nz)\ > M-{R), for n G N}, 

and -R > is such that M(r) > r for r > R. The following properties can all be 
found in [17]. 

Lemma 4.3. Let f be a transcendental entire function. Then 

(a) every component of Afi{f) and A{f) is unbounded; 

(b) J{f) = dA{f) = A{f)nJ{f); 

(c) if, in addition, f has no multiply connected Fatou components, then every 
component of A^i^f) n J(/) and A{f) fl J(/) is unbounded. 

The next property of the fast escaping set is not stated explicitly in [17J but 
it follows easily from results given there. 
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Lemma 4.4. Let f be a transcendental entire function. There exists R2 = 
R2{f) > such that if R> R2, then there is a component of Aji/2{f) that meets 
{z : \z\ < R} and is unbounded. 

Proof. By |T71 Theorem 2.4], if i? > is sufficiently large, then there exists z' 
with R/2 < \z'\ < R such that 

> M"(i?/2), for neN. 

Thus z' G Aji/2{f), and so, by Lemma H73] part (a), z' lies in an unbounded 
component of A/j/2(/) that must meet {z : \z\ < R} . □ 

Finally we state sufficient conditions for various sets to be spiders' webs. 
Lemma 4.5. Let f be a transcendental entire function. 

(a) If I{f) contains a spider's web, then I{f) is a spider's web. 

(b) If J{f) contains a spider's web, then J{f) is a spider's web. 

(c) If I{f) n J(/) contains a spider's web, then I{f) fl J(/) is a spider's web. 

Proof. The result in part (a) was pointed out in fTll Remark 1 after the proof 
of Theorem 1.4] and can also be deduced from Theorem 4.2]. Its proof is 
similar to that of part (c) given below. 

To prove part (b) we need to show that J{f) is connected. Since J{f) contains 
a spider's web, / has no multiply connected Fatou components. Therefore, all 
the components of J(/) are unbounded (see [H]), and hence J(/) is connected. 

To prove part (c), we need to show that /(/) fl J(/) is connected. Suppose 
that ii^ is a spider's web contained in /(/) fl J{f). Since / can have no multiply 
connected Fatou components, every component of A{f) fl J(/) is unbounded by 
Lemma [4.31 part (c). Hence, we can assume that E contains A{f) fl J{f). 

Now E is contained in a single component, Jq say, of /(/) fl J{f). Since 
J(/) = A{f) n by Lemma lOl part (b), we deduce that 

/(/) n J{f) c A{f) n J{f) c To- 

Thus /(/) n J(/) = Jo and hence /(/) fl J(/) is connected, as required. □ 

5. Proof of Theorem 12.31 

The idea of the proof of part (a) is as follows: we start with a curve that 
lies in a simply connected Fatou component of / and we assume that the curve 
meets two circles of the form C{r) and C(r^), for some sufficiently large values 
of r and L. We then obtain a contradiction by showing that the forward images 
of this curve must either experience repeated radial stretching, and so contradict 
Lemma 14. or else some forward image of this curve must wind round and 
hence meet J{f). A similar argument can be used to prove part (b)(i), so the 
proof of this part is done at the same time as the proof of part (a). 

A key fact needed to obtain these contradictions is that the function / has 
the symmetry property noted earlier 

fiz)=Ji^, hrzeC. 

This property implies that E{f) is symmetric with respect to the real axis, as 
are the sets Aji{f), where i? > is such that M(r) > r for r > R. 
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Let m > 1 be the constant given in (12. lip , and put 

(5.1) L = m + 4, e = \lL and [i{r) = M{rfl^ , r > 0. 

Now let R > max{l, Rq, Ri, R2} , where Rq is in the statement of the theorem, 
Ri is the constant in (12. 2p . and R2 is the constant in Lemma [4. 4 [ and also let R 
be so large that 

(5.2) R'/^ > , j(/) n{z:\z\<R}j^(a and M(r) > r^^' for r > R. 

TT 

We now start the proof of parts (a) and (b)(i). Suppose that U is either a 
simply connected Fatou component of / (in part (a)) or a component of the 
open set Qefii^fY (in part (b)(i)), and that for some tq > R there exists a curve 
7o in U that meets both C(ro) and C^Tq). To prove parts (a) and (b)(i), we 
have to obtain a contradiction in each case. As described above, we obtain a 
contradiction in one of two ways. 

First we define the sequence (L„) by 

(5.3) Lo = L - 1 and L„+i = L„ - l/(n + 1)^ n > 0. 

Suppose that we can find curves 7„ C /"(70) and a sequence (r„) such that, for 
n = 1, 2, . . ., we have 

(5.4) r„ > /i(r„_i), 

(5.5) /(7n-l) 3 7n, 

(5.6) 7„ C y4(r„,r^"), and 7„ meets both C(r„) and C(r^"). 

(These three conditions formalise what we mean by saying that the images of 
the curve 70 experience repeated radial stretching.) 

We deduce, by (\5.5h . that there is a point z G 70 such that, for n > 0, 

nz)e^n, SO |r(^)|>r„>/i"(ro)>/i"(i?), 

by (15. 4p and (15. 6p . Hence z G Qe,R{f), which gives a contradiction in part (b)(i). 

In part (a), we deduce that U C /(/), so the fact that 

^«f^^>^>^ = C^oo asn^oo, 
inf{|/"(2;)| : ze7o} " r„ - r„ 

gives a contradiction to Lemma 14.11 

Suppose then that, for k = 0,1, . . . ,n, curves 7^ and positive numbers have 
been chosen such that (15.40 . (15.50 and (15. 6p are satisfied with n replaced by k, 
for k = 1, . . . ,n. To complete the proof we show that we can choose a curve 7n+i 
and a positive number r„+i so that (15. 4p . (15. 5p and (15.60 hold with n replaced 
by n + 1. 

To do this we apply Theorem 12. 2[ with 

s = r„, / = Ln and b = l/{n + 1)^, where n > 0, 

to a curve 7^ meeting C(r„) and C{r^"), chosen such that 7,^ C {z : > 0} 
and 

(5.7) 7n C 7„ U 7:, 

where * denotes reflection in the real axis. Note that I — b = Ln+i- 



14 P. J. RIPPON AND G. M. STALLARD 

We check that the hypotheses of Theorem 12.21 are satisfied. By (15. ip . (15. 2p . 
fO]) . ([53D and the choice of R, 

1 

L„>L-3 = m + l>l + , , 

Tn > //"(ro) > fl^'iR) >R>Ro, 

and 

M(r„) > rf ' > r^. 

Note that /i(r) = M(r)^/^ > r^^, for r > R, hj (15.21) . This estimate also imphes 

that r„ > Tq"^^^ , for n > 0, by (15.41) . Hence, since L > A, b < 1 and / — 6 > 1, we 
have 



l-h {n + lyin+i 

{4L)"/(4(n+l)2) 4n-i 
' n . ' n 



> > 



'0 



rT. 38472 
- L - vr ' 

by (15. 2 p again, as required. Thus the hypotheses of Theorem 12.21 are satisfied. 

If case (1) or case (2) of Theorem 12.21 holds for 7^, then the same case holds 
for 7„, by the symmetry of / in the real axis, and so we can choose r„+i and 
7„+i C /(7n) so that they satisfy (15. 4p . (15. 5 p and (15. 6p with n replaced by n+ 1, 
as required. 

Thus, to complete the proof of parts (a) and (b) (i) it is sufficient to show that 
if case (3) of Theorem 12.21 holds for 7^, then we obtain a contradiction. 

If case (3) holds for 7^, then the image under / of some subcurve of 7^ is 
contained in 

Z(M(r„)^/-^",M(r„)^"+^) C {z : \z\ > M(r„)^/^«} C {z : \z\ > R}, 

and also winds round through an angle of at least 27r. Hence, in part (a), there 
is a multiply connected component of F{f) that contains /(7^), by the symmetry 
of / in the real axis and (15. 2p . But this is impossible by Lemma [4.21 since 

fi^j c r+^(7o) c r^\u), 

and U is simply connected. This completes the proof of part (a). 

In part (b)(i) we obtain a contradiction by using Lemma 14.41 Let R = 
M(rnY^^° . Then R > R > R2 so, by Lemma 14.41 and the symmetry of / in 
the real axis, the set ^j^/2(/) H {2 : > 0} has a component, K say, that is un- 
bounded and meets C{R). Thus the image curve /(7^) must meet K. Therefore, 
by (15. 5p . there exists zq G 70 such that /^{zq) G 7^, for = 1, . . . , n, and 

(5.8) Zn+i = r+\zo) e K. 

Now 

\f{zo)\>n>fi\R), for A; = 0,1,... n, 

by ([53D and ([5SD, 

Wizn+i)\>M^iR/2), forj>0. 
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because Zn+i € K, and 

R/2 = iM(r„)V^o > M(r„)'/^ = /i(r„), 

by (15. 2p and the fact that Lq = L — 1. We deduce that 

ir(^o)| >/^"(i?), forn>0. 

Thus Zq G Qe,R{f) and this contradicts the fact that in part (b)(i) the curve 70 
was chosen to he in Qe,R{,fY- So case (3) of Theorem 12.21 leads to a contradiction. 
This completes the proof of part (b)(i). 

Next we prove part (b)(ii). First recall that e and R satisfy (15.11) and (15.21) . 
and that Qe^nif) is closed and contains Aii{f). For n G N, let Gn denote the 
bounded simply connected domain obtained by taking the union of the set 

{z : 1^1 < r'J U \J{U -.Uisa component of QeAff^ U n C{r'^) ^ 0} 

with its bounded complementary components, where the sequence (r^) is chosen 
so large that 

< t'i < < • • • , — 00 as n — )■ cxD, 
and the sets dGn are disjoint. This is possible by part (b)(i). Then 

C g,,K(/), forriGN. 
Clearly G„ C Gn+i for n G N and UneN = C 

By Lemma His] part (a), there exists N E'H such that A_r(/) U IJn>Af ^ 
spider's web in Qe,R{f)- Thus /(/) is a spider's web by Lemma H75l part (a). 

To prove part (c), let G„ be the domains constructed above such that dGn C 
Qe^rU) for n G N let G'^ denote the bounded simply connected domain 
obtained by taking the union of the set 

G„ U |^{f/ : f/ is a Fatou component of /, f/ fl dGn 7^ 0} 

with its bounded complementary components. The domains G'^ are bounded, by 
the result of part (a), and we can assume by taking a subsequence that they are 
disjoint. Now each of the Fatou components U in the definition of G^, n G N, 
meets Qs,rW) ^i^nd U is simply connected by hypothesis. Thus, by part (a), 

U C {z■.\f\z)\>{^^\R)f'\ forfc>0} 
C [z : \f{z)\ > iy\R), for k > 0}, 

where z/(r) = yu(r)^ = M(r)^^, since 1/L = e. 

Thus, for such a Fatou component U, we have U C Qe^,R{f)- Since Qe^R^f) C 
Qe^,R{.f)i and both Qgi^R^f) and J(/) are closed, we deduce that 

dG'nCQ,2^M)^Af), fornGN. 
Clearly G'^ C for n G N and U„eN G^ = C. 

Hence, by Lemma part (c), Qs^^R^f) fl J(/) contains a spider's web. Thus 
both /(/) n J(/) and J(/) contain spiders' webs, so the result of part (c) follows 
from Lemma [4.51 parts (b) and (c). This completes the proof of Theorem 12. 3[ 



16 



P. J. RIPPON AND G. M. STALLARD 



References 

I.N. Baker, Zusammensetzungen ganzer Funktionen, Math. Z., 69 (1958), 121-163. 

I.N. Baker, The iteration of polynomials and transcendental entire functions, J. Austral. 

Math. Soc. (Series A), 30 (1981), 483-495. 

I.N. Baker, Wandering domains in the iteration of entire functions, Proc. London Math. 
Soc. (3), 49 (1984), 563-576. 

P.D. Barry, On a theorem of Besicovitch, Quart. J. Math. Oxford Ser. (2), 14 (1963), 
293-302. 

W. Bergweiler, Iteration of meromorphic functions. Bull. Amer. Math. Soc, 29 (1993), 
151-188. 

A.E. Eremenko, On the iteration of entire functions. Dynamical systems and ergodic the- 
ory, Banach Center Publications 23, Polish Scientific Publishers, Warsaw, 1989, 339-345. 
W.K. Hayman and P.B. Kennedy, Subharmonic functions, Volume 1, Academic Press, 
1976. 

W.K. Hayman, Subharmonic functions, Volume 2, Academic Press, 1989. 
A. Hinkkanen, Entire functions with bounded Fatou components. Transcendental dynam- 
ics and complex analysis, 187-216, Cambridge University Press, 2008. 
A. Hinkkanen and J. Miles, Growth conditions for entire functions with only bounded 
Fatou components, Journal d'Analyse Math., 108 (2009), 87-118. 

M. Kisaka, On the connectivity of Julia sets of transcendental entire functions, Ergodic 
Theory Dynam. Systems, 18 (1998), 225-250. 

M.H. A. Newman, Elements of the topology of plane sets of points, Cambridge University 
Press, 1961. 

L. Rempe, On a question of Eremenko concerning escaping components of entire functions. 
Bull. London Math. Soc, 39 (2007), 661-666. 

P.J. Rippon and CM. Stallard, On questions of Fatou and Eremenko, Proc Amer. Math. 
Soc, 133 (2005), 1119-1126. 

P.J. Rippon and CM. Stallard, Functions of small growth with no unbounded Fatou 
components. Journal d'Analyse Math., 108 (2009), 61-86. 

P.J. Rippon and CM. Stallard, Boundaries of escaping Fatou components, Proc Amer. 
Math. Soc, 139 (2011), 2807-2820. 

P.J. Rippon and CM. Stallard, Fast escaping points of entire functions. To appear in 
Proc London Math. Soc, arXiv:1009.5081 

P.J. Rippon and CM. Stallard, Dynamics of meromorphic functions with direct tracts: 
fast escaping spiders' webs. In preparation. 

P.J. Rippon and CM. Stallard, Regularity and fast escaping points of entire functions. In 
preparation. 

C Rottenfufier, J. Riickert, L. Rempe and D. Schleicher, Dynamic rays of bounded-type 
entire functions, Ann. of Math., 173 (2011), 77-125. 
N. Steinmetz, Rational iteration, de Gruyter, 1993. 

Jian-Hua Zheng, Unbounded domains of normality of entire functions of small growth. 
Math. Proc Camb. Phil. Soc, 128 (2000), 355-361. 



Department of Mathematics and Statistics, The Open University, Walton 
Hall, Milton Keynes MK7 6AA, UK 

E-mail address: p.j.rippon@open.ac.uk 

Department of Mathematics and Statistics, The Open University, Walton 
Hall, Milton Keynes MK7 6AA, UK 

E-mail address: g.m. stallardQopen. ac .uk 



